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The stability of a gas in an external gravitational field @ is investigated for arbitrary initial
conditions. It is shown that Schwarzschild’s entropy criterion ds/d® > 0 is both necessary and
sufficient for the spatial quadratic mean of a linear disturbance to be bounded in time. The varia-
tional principle usually applied is not always sufficient for stability.

If the atmosphere of a resting planet is treated
as an ideal compressible fluid, the conservation
equations of mass, momentum, and energy are

do/dt= -0V v, (1)
odv/dt= -9V P -Vp, (2)
ds/dt= O (3)

where s is the entropy per unit mass and the other
symbols have their usual meaning. The gravitation
of the atmosphere is neglected, so that the gravita-
tional potential @ can be considered as a given
function of the position vector X. Eliminating the
entropy with the aid of some equation of state we

obtain

dpr 2 do ds _ 5 .

a =C g TRy =—etVo (4)
where

¢®= (3p/30)s
is the speed of sound and
1= (3p[3s),

is a quantity which for most gases is positive (e. g.
for an ideal gas with constant specific heats ¢, , c,
we have u=p/ec,).

For the state of a static equilibrium (v =0,
3/t = 0) characterized by the density o, and the
pressure py Egs. (1), (2), (3) reduce to

-0y VP —-Vpy=0 (5)
with the solution
Q= — Po’ (6)

where the prime denotes the derivative with respect

to D.
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The pressure distribution py(®P) is a positive
and decreasing function, but otherwise arbitrary.
In order to decide which of the equilibrium dis-

tributions p,(®D) are stable, Eqs. (1), (2), (4) are

linearized in the disturbance quantities v, o, p,

giving

%¢/0t=—v-Voy—0, Vv, (7

2o Ov/3t=—o VP - Vp, (8

PpAt=—v:Vpy—ctoe Vv, (9
Writing the initial conditions in the form
v (xa 0) =v* ]
o(x,0) = o*,
p(xa 0) == P* s
we can formulate the following stability problem:
under what conditions on py(®) have Eqs. (7) — (10)
solutions such that the spatial averages (o, v?),

(0%), and (;)2) remain bounded in time?
Introducing the displacement vector & by

(10)

v=0E8/3t (11)
€ (x,0)=0 (12)
one can integrate Eqs. (7) and (9) in time
0= —co’n—c 1ol +e*, (13)
p=—c(pyn+0o) +p* (14)
where
FAL="~ 8. (16)

Equations (13) and (14) differ from those used in
the “energy principle” 174, where Eq. (12) and the

3 S. CHANDRASEKHAR, Astrophys. J. 139, 664 [1964].
4 S. KanieL and A. KoveTz, Phys. Fluids 10, 1186 [1967].
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terms 0*, p* in Eqs. (131, ~(14) are omitted so that
the initial conditions on g, p are expressed by initial
conditions on § . This, however, is not general case,
as one sees by multiplying Eq. (16) by |/ @ |1

and integrating over a surface @ =const

¢ V-§ d
ﬁclvm dszﬁlwﬂ‘ds= mﬁg

. Vo d cn
e = 45 8 e dS-

(17)

Since ¢(x,0), p(x,0) are arbitrary, %(x,0),
{(x,0) are also arbitrary, which contradicts Equa-
tion (17).
Substituting Egs. (11), (13), and (14) into Eq.
(8) we find with the equilibrium condition (6)
00 C2E[Or=F E —o* VD - V/p*

where F is the “stability operator”
FE=—(coon+cel) VP +Vegy(n—0). (19)

Under certain boundary conditions, for instance if
the normal component of § vanishes on the ground
and at a great height, the operator F is symmetric

(EO-FE®) = (EO-FED).  (20)
Assuming (20) we multiply Eq. (18) by 3§/3t,
take the space average, and find after integrations
by part for the kinetic energy K of the disturbance

(18)

K=—-W-(L)+K, (21)
where
K=3(00?), Ko=1 (0p0*?),
L(n,8) =co*n+c1p* L,
and the functional
W=1% (8-F&)=1(Q) (22)
with  Q(7,0) = —0y n*—20nl+0* (23)

is the so-called energy integral. The equation of
state and the equilibrium condition (6) yield

Po = —Qo=c20y + 150 - (24)
Therefore

Q=00(n—C0)*+psg' (25)
Suppose now that everywhere

psy = —¢c*0y —0p>0. (26)

The quadratic form Q (7, {) is then positive definite
and therefore ¥ Q + L is bounded from below.

1Q+L= —C2
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Consequently, the kinetic energy of the disturbance
is bounded
K < K,+C,2

Furthermore, from relation (21) we can derive the
estimate

Ky=Kyg—K=(3Q+L)y = 3W—Cy?

where

$10+L= ~Ca.
This means that W is also bounded from above
0SW L Cy=2(Ky+0Cs2). (27)
The quadratic mean of Eq. (13) yields

(%) =((—coy n—ctol+")?)
<2((coy n+ectgl)®+0"?).
Then using (26) and (27) we find

((cog m+ec10e0)?)
< (00 (c2oy P +200mC—0p0?))
< 2W max(—gy) < 2C3max(—p,).

Correspondingly, from Eq. (14)
(p?) < 2(c2(py’ n+208)2+p"2) -
Here we find the estimate

((py' 1+008)?) < (09(n—L)?) max (g c?)
< 2Cymax(gyc?).

Hence condition (26) is sufficient for stability.
For the case that the left-hand side of (26) is some-
where negative KANIEL and KoveTz# have shown
by an eigenfunction expansion that exponentially
growing solutions exist. However, it is easier to ap-
ply the following theorem 5: If a vector field § satis-
fying the boundary conditions can be constructed
in such a way that the functional W is negative,
there then always exists a disturbance which grows
exponentially in time.

Choosing

=7 (28)

and 7 non-zero only where the left-hand side of (26)
is negative, 0 and hence W can be made negative.

In order to construct a vector field & that satis-
fies Eq. (28), let us introduce the coordinate system
D, y, x where 0 < v < 7 behaves like a spherical
pole distance. Then Eq. (28) reads

c¢D[3(cD™ 1) /3D +3a/y+3p/3x] =n (29)

5 G.Lavar, C. MErCIER, and R. PELLAT, Nucl. Fusion 5, 156
[1965].
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where
D= (VyxVy) -V
is the functional determinant and
Da=§-\Vy, D=8 -V
are the counter-variant components of § in the
v, g direction. A solution of Eq. (29) which cor-

responds to a unique, continuously differentiable
vector field & is, for instance,

n=Df(P) K (),
a=[c" f=(cP1h,
p=0
where A(y) is a function which vanishes at least
quadratically at the poles =0, =z, and f(D) is
non-zero only where the heft-hand side of (26) is
negative.

It now remains to discuss the case that there is an
interval where us,” vanishes identically, while it is
non-negative outside this interval. For this case the
variational principle asserts that the system is stable.
However, it is easy to construct solutions such that
the kinetic energy is unbounded.

Suppose that

sy =—c20) —0y=0 for &, <D< D, (31)

(30)

and that ;; and g; are time-independent. Then Egs.
(7) and (9) are multiples of each other, and if the
velocity is growing linearly in time

vV=w(X) ¢ (32)

6 D. LorTz and E. REBHAN, Phys. Letters 35 A, 236 [1971].
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the disturbance equations reduce to

oow=—-oVP-p, _
0= V:(oV®) +4p. (33)

Equation (33) is a scalar equation for the two sca-
lar unknowns ¢ and p, while @ is a given function
in space. If we impose the boundary conditions

0=p="p-VP=0 for D=, and =D, (34)

then the disturbance vanishes outside the interval
D, < D < D,. For the case that @ has spherical
symmetry [@ =P (r)] the solutions of Egs. (33)
and (34) can be explicitly written down in spheri-
cal coordinates r, 9, @:

p=CG (1) Y, (9, 9), 0=g(r) Y, (9, 9),
g® +G" —n(n+1)r26=0, n=1,2,3,... .

Here Y,(, @) are the spherical harmonics which
can be expressed by associated Legendre poly-
nomials and G (r) is an arbitrary function which to-
gether with its first and second derivatives vanishes
at the boundary.

This kind of instability corresponds to the mag-
netohydrodynamic case, where one can also show ©
that the variational principle is not, in general, suf-
ficient for stability.
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