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The stability of a gas in an external gravitational field is investigated for arbitrary initial 
conditions. It is shown that Schwarzschild's entropy criterion ds/d<? > 0 is both necessary and 
sufficient for the spatial quadratic mean of a linear disturbance to be bounded in time. The varia-
tional principle usually applied is not always sufficient for stability. 

If the a t m o s p h e r e o f a res t ing p lanet is treated 
as an idea l c o m p r e s s i b l e fluid, the c o n s e r v a t i o n 
e q u a t i o n s o f mass , m o m e n t u m , a n d e n e r g y are 

do/dt=-QX/-V , (1) 

odv/dt = -Q V < £ - V p , (2) 

ds/dt = 0 (3) 

where 5 is the e n t r o p y per unit m a s s and the o t h e r 
s y m b o l s have their usual m e a n i n g . T h e grav i ta t i on 
o f the a t m o s p h e r e i s neg le c ted , s o that the grav i ta -
t ional potential c a n b e c o n s i d e r e d as a g i v e n 
f u n c t i o n o f the p o s i t i o n v e c t o r X. E l i m i n a t i n g the 
e n t r o p y with the a id o f s o m e e q u a t i o n o f state w e 
ob ta in 

dp 
d t 

do ds 
+ jU 

dt d t 
= -oc2\7-v ( 4 ) 

w h e r e 

c 2 = (dp/dg)t 

is the speed of s o u n d a n d 

// = (dp/ds)e 

is a quantity which f o r m o s t gases is pos i t i ve ( e . g . 
f o r an ideal gas wi th constant s p e c i f i c heats cv, cv 

w e h a v e ju = p/cv). 

F o r the state o f a static e q u i l i b r i u m (V = 0 , 
3 / 3 * = 0 ) character ized b y the dens i ty o 0 a n d the 
pressure p 0 E q s . ( 1 ) , ( 2 ) , ( 3 ) r e d u c e to 

- e o V < £ - V p o = 0 ( 5 ) 

with the so lu t i on 

Po (6) 

Avhere the p r i m e deno tes the der iva t i ve wi th respec t 
to 

T h e pressure d is t r ibut ion p 0 ( 3 > ) is a p o s i t i v e 
and decreas ing f u n c t i o n , but o therwise a r b i t r a r y . 

In o r d e r to d e c i d e which of the e q u i l i b r i u m dis-
t r ibut ions P o ( ^ ) are stable, E q s . ( 1 ) , ( 2 ) , ( 4 ) are 
l inear ized in the d i s turbance quanti t ies V, Q, p, 

g i v i n g 

dg/dt= - V X / Q 0 - Q 0 V - i > , (7) 

Qodv/dt= - ^ V ^ - V p , (8) 

dp/dt= -VVPO-C2Q0V-V. ( 9 ) 

W r i t i n g the initial c o n d i t i o n s in the f o r m 

v(x, 0 ) = V* , 
1>(X,O)=Q*, ( i o ) 

p(X,0) =P*, 

w e can f o r m u l a t e the f o l l o w i n g stabi l i ty p r o b l e m : 
u n d e r what c o n d i t i o n s o n p 0 ( $ ) h a v e E q s . ( 7 ) — ( 1 0 ) 
so lu t i ons such that the spatial averages i(g0V2) , 

(<?2 ) , and (p2) r e m a i n b o u n d e d in t i m e ? 
I n t r o d u c i n g the d i sp lacement v e c t o r ^ b y 

v = 3 ^ / 3 1 ( 1 1 ) 

5 ( X , 0 ) = 0 ( 1 2 ) 

o n e c a n integrate E q s . ( 7 ) a n d ( 9 ) in t ime 

Q = - c Qo V - c~l So f + Q*> (13) 

p = - c ( p 0 ' + +p* ( 1 4 ) 
w h e r e 

(15) 

c - ' f - V - S . ( 1 6 ) 

E q u a t i o n s ( 1 3 ) and ( 1 4 ) d i f fer f r o m those used in 
the " e n e r g y p r i n c i p l e " 1 - 4 , w h e r e E q . ( 1 2 ) a n d the 
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terms Q*, p* in E q s . ( 1 3 ) , ( 1 4 ) are omit ted s o that 
the initial c o n d i t i o n s o n Q, p are e x p r e s s e d b y initial 
c o n d i t i o n s o n \ . T h i s , h o w e v e r , is n o t genera l case , 
as o n e sees b y m u l t i p l y i n g E q . ( 1 6 ) b y | 
and integrat ing o v e r a s u r f a c e 0 = c o n s t 

f as- $ d s - d $ e 

• V<2> d S _ d g cr j 
I V ^ l I W 

dS ( 1 7 ) 

S ince Q(X, 0 ) , p(x,0) are a r b i t r a r y , R](X, 0 ) , 
C ( X , 0 ) are also a r b i t r a r y , which c o n t r a d i c t s E q u a -
t ion ( 1 7 ) . 

Subst i tut ing E q s . ( 1 1 ) , ( 1 3 ) , a n d ( 1 4 ) into E q . 
( 8 ) we find with the e q u i l i b r i u m c o n d i t i o n ( 6 ) 

= _£>* V < £ - V P * ( 1 8 ) 

where 7 is the " s t a b i l i t y o p e r a t o r " 

? 5 = - (c Qo V + + V c Q0(v - C). (19) 

U n d e r cer ta in b o u n d a r y c o n d i t i o n s , f o r ins tance if 
the n o r m a l c o m p o n e n t o f \ van i shes o n the g r o u n d 
and at a great he ight , the o p e r a t o r 7 is s y m m e t r i c 

= . (20) 

A s s u m i n g ( 2 0 ) w e m u l t i p l y E q . ( 1 8 ) b y 3 ^ / 3 1 , 
take the s p a c e a v e r a g e , and find a f ter in tegrat ions 
b y part f o r the k inet i c e n e r g y K o f the d i s turbance 

K=-W-(L)+K0 (21) 

w h e r e 
K = OFT VS Kn P n t r 

L(rj, C) =cQ*r] + c 1 p* f , 

and the f u n c t i o n a l 

W= \ &-7\)= \{Q) (22) 

with QiV, C) = - G o ' c 2 r ] * - - 2 e o V U e0 c 2 ( 2 3 ) 

is the s o - c a l l e d e n e r g y integral . T h e e q u a t i o n o f 
state a n d the e q u i l i b r i u m c o n d i t i o n ( 6 ) y ie ld 

Po = -eo = c2 Qo + f* So-
T h e r e f o r e 

Q = Qo(*] ~ t)2 + V So T-

S u p p o s e n o w that e v e r y w h e r e 

M So = - c~ Qo - Qo > 0 • 

( 2 4 ) 

( 2 5 ) 

(26) 

T h e q u a d r a t i c f o r m t ) is then pos i t i ve def inite 
and t h e r e f o r e \ Q + L is b o u n d e d f r o m b e l o w . 

i Q + L}> - C 

Consequent ly , the k inet i c e n e r g y o f the d i s t u r b a n c e 
is b o u n d e d 

K < K 0 + Q 2 . 

F u r t h e r m o r e , f r o m re lat ion ( 2 1 ) w e c a n der ive the 
estimate 

K0^K0-K= {iQ + L) ^iW-C22 

where 

i Q + L ^ - C 2 2 . 

T h i s means that W is a lso b o u n d e d f r o m a b o v e 

0 ^ W ^ C 3 = 2 ( K 0 + C 2 2 ) . ( 2 7 ) 

T h e quadrat i c m e a n o f E q . ( 1 3 ) y i e lds 

{Q2) = {(-cQo ri-o'1 Qot + Q*)2) 
£2 ((CQo'V + C^QOW + Q*2). 

T h e n us ing ( 2 6 ) and ( 2 7 ) w e find 

((cQo rj + c'1 Qo t)2) 
^(^'(c2 Qo T + ^QoV^-Qo £2)) 

2 W m a x ( - £>(/) ^ 2 C 3 m a x ( — Q0'). 

C o r r e s p o n d i n g l y , f r o m E q . ( 1 4 ) 

CP2)£2(C2(po'V + QO02 + P*2). 

Here w e find the est imate 

( c 2 ( p o ' V + QoZ)2) ^ m a x ( « ? 0 c 2 ) 
2 C 3 max(£>0 c 2 ) . 

H e n c e c o n d i t i o n ( 2 6 ) is s u f f i c i e n t f o r stabi l i ty . 
F o r the c a s e that the l e f t -hand s ide o f ( 2 6 ) is s o m e -
where negat ive KANIEL a n d KOVETZ 4 h a v e s h o w n 
b y an e i g e n f u n c t i o n e x p a n s i o n that e x p o n e n t i a l l y 
g r o w i n g so lut ions exist . H o w e v e r , it is eas ier t o ap -
p ly the f o l l o w i n g t h e o r e m 5 : I f a v e c t o r field \ satis-
f y i n g the b o u n d a r y c o n d i t i o n s c a n b e c o n s t r u c t e d 
in such a w a y that the f u n c t i o n a l W is negat ive , 
there then a l w a y s exists a d i s t u r b a n c e which g r o w s 
exponent ia l ly in t i m e . 

C h o o s i n g 

C = V ( 2 8 ) 

and r\ n o n - z e r o o n l y w h e r e the l e f t -hand s i d e o f ( 2 6 ) 
is negat ive , Q a n d h e n c e W c a n b e m a d e negat ive . 

In o r d e r to c o n s t r u c t a v e c t o r field £ that satis-
fies E q . ( 2 8 ) , let us i n t r o d u c e the c o o r d i n a t e system 

i w h e r e 0 ^ tp ^ n b e h a v e s l ike a s p h e r i c a l 
p o l e d is tance . T h e n E q . ( 2 8 ) reads 

c D[d (c D'1 rj) + da/dxp + dß/d%] =rj (29) 

5 G . LAVAL, C. MERCIER, and R . PELLAT, N u c l . Fusion 5 , 1 5 6 
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w h e r e 

( V y x V z ) 
is the f u n c t i o n a l de terminant and 

are the counter -var iant c o m p o n e n t s o f \ in the 
xp, x d i r e c t i o n . A so lu t i on o f E q . ( 2 9 ) whi ch c o r -
r e s p o n d s to a u n i q u e , c o n t i n u o u s l y d i f f erent iab le 
v e c t o r f ie ld \ is, f o r instance , 

r] = Df(&) h'(rp), 
a = [ c - 1 / - ( c / ) / ] h, ( 3 0 ) 

ß = 0 

w h e r e h(ip) is a f u n c t i o n which van i shes at least 
q u a d r a t i c a l l y at the p o l e s ip = 0, xp = ;x, and / ( $ ) is 
n o n - z e r o o n l y w h e r e the he f t -hand s ide o f ( 2 6 ) is 
negat ive . 

It n o w r e m a i n s t o d iscuss the c a s e that there is an 
interval w h e r e ju 5 0 ' v a n i s h e s ident i ca l ly , w h i l e it is 
n o n - n e g a t i v e outs ide this interval . F o r this c a s e the 
var ia t i ona l p r i n c i p l e asserts that the sys tem is stable. 
H o w e v e r , i t i s easy t o c o n s t r u c t so lut i ons such that 
the k inet i c e n e r g y is u n b o u n d e d . 

S u p p o s e that 

JUSQ = - c 2 QQ - o 0 = 0 f o r < ; <Z> ^ <£2 ( 3 1 ) 

a n d that p and Q are t i m e - i n d e p e n d e n t . T h e n E q s . 
( 7 ) and ( 9 ) are mult ip les o f each o ther , and if the 
v e l o c i t y is g r o w i n g l inear ly in t i m e 

V = W(X) t ( 3 2 ) 

6 D . LORTZ and E . REBHAN, Phys. Letters 3 5 A , 2 3 6 [ 1 9 7 1 ] . 

the d i s t u r b a n c e e q u a t i o n s r e d u c e to 

0 = V - ( < ? W ) + ^ p . ( 3 3 ) 

E q u a t i o n ( 3 3 ) is a s ca lar e q u a t i o n f o r the t w o sca-
lar u n k n o w n s Q a n d p , w h i l e is a g i v e n f u n c t i o n 
in space . I f w e i m p o s e the b o u n d a r y c o n d i t i o n s 

o = p = V p - V ^ = 0 f o r a n d 0 = ( 3 4 ) 

then the d i s turbance v a n i s h e s outs ide the interval 
^ ^ ^ • F o x t h e c a s e that (l> h a s spher i ca l 

s y m m e t r y [<2> = <£>(r)] the so lu t i ons o f E q s . ( 3 3 ) 
and ( 3 4 ) c a n be exp l i c i t l y written d o w n in spher i -
cal c o o r d i n a t e s cp: 

p = G'{r) y„(#,9?), g = g(r) Yn{ö,(p), 
+ G"-n(n+l) r ~ 2 G = 0 , n = 1 , 2 , 3 , . . . . 

H e r e cp) are the spher i ca l h a r m o n i c s which 
can b e expressed b y assoc ia ted L e g e n d r e p o l y -
n o m i a l s a n d G(r) is an a rb i t rary f u n c t i o n which to-
gether w i t h its first a n d s e c o n d der ivat ives van i shes 
at the b o u n d a r y . 

T h i s k i n d o f instabi l i ty c o r r e s p o n d s to the m a g -
n e t o h y d r o d y n a m i c case , w h e r e o n e c a n also s h o w 6 

that the var ia t iona l p r i n c i p l e is not , in genera l , su f -
ficient f o r s tabi l i ty . 
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